Out-of-time-order correlators (OTOC), recently being the center of discussion on quantum chaos, are a tool to understand the information scrambling in isolated many-body quantum systems. Quantum chaotic models are expected to scramble the information fastest and hence show exponential decay of OTOC. We propose a disordered ladder spin model which can be designed in a scalable cold atom setup to detect OTOC with a protocol utilizing the sign reversal for the evolution backward in time. Our model shows exponential decay in early-time with power-law tails before its scrambling time and a range of light-cones from sublinear to superlinear as the system becomes more correlated and nonlocal. Based on our results, one can observe how the information scrambling changes in the transition from well-studied 1D models to unexplored 2D models in a setting where the interactions are local.
Out-of-time-order correlators (OTOC), recently being the center of discussion on quantum chaos, are a tool to understand the information scrambling in isolated many-body quantum systems. Quantum chaotic models are expected to scramble the information fastest and hence show exponential decay of OTOC. We propose a disordered ladder spin model which can be designed in a scalable cold atom setup to detect OTOC with a protocol utilizing the sign reversal for the evolution backward in time. Our model shows exponential decay in early-time with power-law tails before its scrambling time and a range of light-cones from sublinear to superlinear as the system becomes more correlated and nonlocal. Based on our results, one can observe how the information scrambling changes in the transition from well-studied 1D models to unexplored 2D models in a setting where the interactions are local.
The traditional way to determine if a quantum system is chaotic or not is via the energy level statistics of the model under study [1] [2] [3] [4] . If the distribution of the energy levels follows Wigner-Dyson statistics through a GOE (generalized orthogonal ensemble) distribution, the model shows ergodic behaviour in its dynamics [1, 4] . However, recently another signature of quantum chaos is proposed to be found in a four-point correlator, namely the out-of-time order correlator (OTOC) based on AdS-CFT correspondence principle in blackholes [5] [6] [7] . The physics that OTOC captures is the growth of the commutator of two local operators in time and is defined for a discrete system as,
for a system with a finite inverse temperature β. Here i denotes a site in the lattice, j = 0 is the first lattice site, A i (t) and B j=0 are local hermitian operators for their corresponding sites and Z is the partition function. The local observables of two sites at a distance are expected to commute initially, but the interactions in a generic many-body system lead the system become more correlated in time, and the build-up of these correlations between sites-at-a-distance starts to be seen in the local observables that no longer commute. In this sense, the initially localized perturbations spread throughout the space dimension and become nonlocal around the scrambling time. Hence, information scrambling stands as a complementary notion to the fundamental problem of quantum thermalization in isolated interacting systems. There are still many unanswered questions about the behaviour of OTOCs, such as the predicted exponential decay for chaotic models [7] cannot be numerically observed, even in quantum chaotic models with a classical limit, like a billiard stadium model [8] . Recently, the exponential decay was observed in the OTOC dynamics of a Floquet disordered system [9] and a Floquet Aubry-Andre model [10] , however time-independent quantum chaotic models with local interactions seem to show power-law decay in long-time [9] . This behaviour is attributed to the conservation of energy and total spin in the Heisenberg model with random disorder, a widely studied quantum chaotic model. Even though the exponential decay is a transient effect in locally-interacting systems [11] , its duration could be extended with increasing the system size. Since the numerics are restricted to a bound in system size, one can attempt to realize the OTOC decay with easily-scalable controlled experiments for much bigger system sizes than numerics can handle. Cold-atom setup is a realistic candidate to experiment OTOC decay, mainly because these systems can be easily scaled up and they are isolated from the environment for sufficiently long times [12, 13] . The isolation is significant when we want to differentiate the scrambling due to internal dynamics from the scrambling due to coupling to the environment. It is known that the time required to perform a quantum simulation with cold atoms linearly increases with the time of the simulated evolution for two-spin interactions [14] . Therefore, the measurement time of OTOC is in the limits of cold atom experiments. Furthermore, reversing the sign of the spin Hamiltonian for the time-reversed evolution in OTOC measurement can be performed via fast laser pulses [15, 16] in a protocol where we apply single-spin gates successively for our model.
To date, there have been a number of experimental proposals [17] [18] [19] and realizations [20] [21] [22] on scrambling detection. In this paper, one of our aims is to come up with the simplest possible scrambling and quantumchaotic cold atom setup that could pave the way to the scalable OTOC measurements of non-integrable spin systems. Our cold-atom model, being a locally interacting ladder-spin model, is different from all-to-all coupled (scalable but integrable) Ising chain whose OTOC measurements are performed via ion-traps in Ref. [21] with a product initial state. Since the interactions are local, the ladder-XY model shows a light-cone where we see the bounds on the information propagation and speed till arXiv:1807.11085v1 [quant-ph] 29 Jul 2018 around scrambling time. However, the ladder-XY model is also different from locally interacting 1D systems, e.g. Heisenberg model with random disorder, because it is a quasi-2D system where information has more than one possible route to take in the process of scrambling, which in turn results in an interval of fast exponential decay in early-time dynamics with power-law tails. In this regard, the ladder-XY model is a step to understand the scrambling in the transition from 1D to 2D and observe the exponential decay of a time-independent chaotic model.
Ladder-XY Model. Ladder spin models have been studied to explore their critical phenomena [23] [24] [25] and entanglement properties [26] before. They are seen as useful intermediate models to understand the magnetic properties of the materials while increasing the dimension from d to d + 1 [27] . There are also natural cuprate compounds that are modelled by ladder spin models at d = 1 [25] and they have been considered as candidate models to explain high-Tc superconductivity [28] . Here for the first time to our knowledge, we show that ladder models could be useful to study quantum chaos, as well. We set our chaotic ladder model as ladder-XY model because of its simplicity in cold atom realization,
with random disorder h i which is drawn from a uniform distribution with disorder strength of [−h, h]. σ x,y,z are Pauli matrices for spin−1/2 system, J is the intra-chain hopping coefficient and J ⊥ is the rung hopping coefficient. L is the system size for a single-chain and we go up to L = 8 in our numerical analysis with exact diagonalization. Eq. 1 can be recast to a correlation function by first setting the temperature infinite, β → 0 and then not-
where N is the dimension of the Hilbert space. Then the measurable quantity F (t) becomes a four-point correlator,
One can replace the trace by the expectation value with respect to an initial state of a normalized random vector drawn from the Haar measure [29] . The error is exponentially suppressed as the Hilbert space increases via typicality arguments [30, 31] . This procedure is numerically less expensive compared to other methods for preparing the initial state at β = 0. The results presented in this paper are based on averaging over more than one random initial state to increase the accuracy [32] . Level statistics and OTOC properties. Similar to Refs. [2, 3] , we can study energy level spacings δ n γ = FIG. 1. The average ratio of level spacings r n γ γ,n with respect to disorder strength h. The rung and intra-chain interaction strengths are set to be equal at J ⊥ = J = 1 and r n γ γ,n is averaged over 5×10 3 −10 different random samples for different sizes ranging between L = 4−8 for a single-chain. The error bars shrink as the system size increases. Inset: The average ratio of level spacings r n γ γ,n with disorder strength of h = 1 with respect to different rung interaction strengths α where J ⊥ = αJ for a single-chain length L = 7 (averaged over 100 different random samples).
| where E n γ is the corresponding energy of the many-body eigenstate n in a random Hamiltonian H γ and we choose the number of random Hamiltonians between 10 − 5 × 10 3 for different system sizes. Then we can calculate the ratio of adjacent gaps as r n γ = min δ n γ , δ n+1 γ /max δ n γ , δ n+1 γ . We expect to see that the average of r n γ over different sets of Hamiltonians H {γ} and eigenstates n, should converge to r n γ γ,n ∼ 0.53 for GOE level statistics as N → ∞. Fig. 1 shows the average ratio values r n γ γ,n varying between random field strengths of h = 0 − 10 for different system sizes ranging between L = 4 − 8 for a single chain. Excluding zero random disorder, small random disorder strength h < ∼ 3.5 results in Wigner-Dyson statistics for ladder-XY model. Therefore, we focus on the ergodic phase of ladder-XY model and compute the OTOC at the random field strength of h = 1. Additionally one can see a transition from an ergodic to a localized phase with r n γ γ,n approaching to ∼ 0.39 in Fig. 1 [32] . Fig. 2 shows how OTOC between σ z 1 and σ z 7 for L = 7 chain changes with respect to the rung interaction strength. At the limit of α = J ⊥ /J → 0, the system converges to two independent XY-chain with random disorder. We see that the average level spacing ratio r n γ γ,n does not approach ∼ 0.53, instead gets closer to ∼ 0.39, which points to the non-chaotic nature of XY-chain even under random disorder (inset of Fig. 1 ). At this end, we observe a permanent revival after a decay and large oscillations for OTOC behaviour. This correlation behaviour is expected for integrable systems [8, 20] . The opposite limit of α → ∞ implies a dimer phase for ladder-XY model and more quickly moves away from GOE statistics, inset of Fig. 1 . Different from the α → 0 limit, we observe non-decaying OTOC, implying that the ladder-XY model approaches to its Anderson localized limit [9, 33] . The rung interaction strengths in between, especially α ∼ 1, has GOE statistics with r n γ γ,n ∼ 0.53 and show quantum chaos. Clearly OTOC behaviour is distinct for different rung interaction strengths, and ladder spin systems are known to be critical in their ground state. It is an interesting direction to see if the different phases of the ground state could be detected via out-oftime order correlators at β = 0 [34] .
The ladder-XY model demonstrates an exponential decay in its early-time dynamics, followed by power-law tails before entering into the saturation regime where the system has its most scrambled form. Fig. 3 shows the fittings of the OTOC decays for some selected pairs of observables when we have a single-chain size of L = 8 [32] . The inset in Fig. 3 shows the Lyapunov exponents extracted from the data both for L = 8 and L = 7 [32] when we fit Re(F ) = a exp(−λt), where a is a constant. Ladder-XY model, besides being a chaotic model that shows exponential decay in its OTOC behaviour, also shows a light-cone (more accurately an information cone in our model) where the information has a speed bound complying with the local interactions existing in the quasi-2D chain. We obtain the relationship between space and time dimensions by analyzing the light-cone contours corresponding to F (x, t) = η, where the x dimension is composed of discrete lattice sites and the time t is the simulation time (for details of calculation see [32] ). This method has been utilized to extract light-cones in the literature [29, [36] [37] [38] . Fig. 4 shows a range of dynamical exponents α in the light-cone relation x ∼ t α changes from the low end of ∼ 0.5 to the high end of ∼ 1.5 with respect to OTOC contour value η for different system sizes. These various cones [32] point to the different information propagation modes [29] or wavefronts. When α < 1, it is a sublinear cone where the transport is sub-ballistic. Sublinear cones have been observed in random Heisenberg chain [29] and sublinear Lieb-Robinson bound was analytically predicted to exist in quasiperiodic XY chains [35] . However we see that superlinear cones (α > 1) start to emerge in the information propagation at later times during the evolution. The onset of superlinear cones is around η ∼ 0.3 where the OTOC decay transforms into power-law from exponential in Fig. 3 . This suggests that the fast scrambling occurring during the exponential decay supports the superlinear wavefronts to emerge. We study the speed of the wavefronts, given the facts that super-ballistic spread of correlations has been observed in 1D spin chains with power-law decaying longrange interactions [36] [37] [38] , and the ladder-XY model has a locally-interacting Hamiltonian. The inset in Fig. 4 shows that the sublinear cones initially bound the rest, while the speed of the linear cone becomes the new bound around the time where the OTOCs completely enter into the phase of power-law decay. We expect the superlinear cones to always remain inside the linear cone until the scrambling time [32] , where the OTOC saturates. Based on the OTOC data, in this so-called saturation regime, it is no longer possible to differentiate the space dimension induced by the nearest-neighbor interactions. Therefore, the system is in its most scrambled state.
We note that as the distance between the selected operators increases, the Lyapunov exponent decreases ( Fig.  3) , implying that there is not a universal Lyapunov exponent for our (locally interacting) model and correspondingly, the decay is slower for the OTOC of farther operators. This matches with the observation that the sublinear cones dominate the information propagation during the exponential decay. When a wavefront propagates as a sublinear cone, its speed decreases in time (inset of Fig. 4 ), so that it takes more time for the propagation to reach the end of the chain. On the contrary, superlinear cones, possibly emerging as a manifestation of fast scrambling, becomes faster in time, but remains bounded for all times. We also observe the onset and the end of the exponential decay take place later in time with increasing distance between operators. This is reasonable, since it takes more time for farther operators to build up correlations, causing the divergence from the unity in OTOC.
Both the sublinear cones that dominate the propagation and the power-law tails after an exponential decay can be explained via energy and spin conservation, as proposed for chaotic Heisenberg model [9] ; whereas the exponential decay can be attributed to the quasi-2D nature of the ladder-XY model in the chaotic regime. We point to the existence of different routes that connect two far spins in a ladder chain, unlike a 1D system [32] . These additional routes would create more interference causing a faster decay to the saturation value.
Cold-atom setup. Tight-binding model for the cold atoms is Bose-Hubbard model [39, 40] . We work at the hard-core boson limit with U → ∞,
where we end up with a superfluid Hamiltonian that can easily be mapped to XY-chain via mapping the annihilation operator to the spin lowering operator a → σ − and creation operator to raising operator a † → σ + . The mapping leads us to have J = 2t , J ⊥ = 2t ⊥ and the random chemical potential is mapped to random magnetic field strengths µ i = h i via a † i a i − 1/2 → σ z . Therefore, it is clear that we can recover Hamiltonian Eq. 2 with two interacting Bose-Hubbard chains exposed to random chemical potential in the hard-core boson limit. Note that for the hard-core boson limit, we need to have noninteger filling factor that is f < 1 for the Bose-Hubbard model, which implies every site has either 0 or 1 boson. These boson state vectors correspond to either spin down |↓ or spin up |↑ in the ladder-XY model. Since the filling factor is fixed in the cold atom scheme, the corresponding case in our spin model (Eq. 2) has fixed total spin S z . We set the filling factor f = 0.5, since the OTOC properties of the system were worked out with all observables from σ z 2 to σ z 6 (light blue-circles), with chosen observables from σ z 4 to σ z 6 (dark blue-stars), L = 7 from σ z 4 to σ z 7 (green-squares) and L = 8 from σ z 4 to σ z 8 (redtriangles) for a random disorder strength of h = 1. We averaged the data over 2 × 10 2 , 1 × 10 2 , 1 × 10 2 and 1 × 10 1 times for first two L = 6, L = 7 and L = 8 system sizes, respectively. See supplement [32] for the reasoning behind the analysis for all and selected observables. Inset: The speeds of the sublinear, linear and superlinear wavefronts. The markers are the data points, while the lines are the differentiation of the light-cone relations. The system size is L = 7 for data averaged over 100 random samples.
at the subsector S z = 0. We utilize superlattices both to create random disorder in the Bose-Hubbard chains [41, 42] and to let two chains interact with each other. For the latter, we create a double well potential via choosing the laser frequencies as k and 2k in the y-direction with a phase difference between them φ, e.g. V y (y) = V 1y sin 2 (k y y) + V 2y sin 2 (2k y y + φ), assuming V 1y ∼ V 2y so that the bosons can be trapped in double well potential. For the random disorder for both of the chains, we interfere two optical fields with incommensurate frequencies, e.g. V
V 1x , the disorder lattice can simulate the true random potential [41, 42] . The hopping coefficients J and J ⊥ in ladder-XY model can be tuned through the laser amplitudes and frequencies. The relation between hopping coefficients and the laser parameters can be computed via an harmonic approximation around the minima of the wells as originally done in Ref. [39] . Hence, one can tune the rung interaction strength via the lasers that control the double well potential and can access all the different OTOC behaviours seen in Fig.  2 in laboratory. We also note that the simulation time seen in plots can be written in terms of t ∝ 1/J which translates to 1-10 ms time-scale for the depicted OTOC decays in Figs. 2 and 3 .
OTOC detection protocol. In the case of applying the interferometric approach proposed earlier [17] , a single (a) Schematic that illustrates the circuit for OTOC measurement with the spin operators σ z 1 and σ z i . The circuit utilizes fidelity measurements providing
The crucial step of changing the overall sign of the Hamiltonian, so that time evolution in backward direction can be performed. We perform Rz(π)Rx(π) gates simultaneously for the odd-numbered spins in the first leg and even-numbered spin in the second leg, whereas only one gate Rx(π) is applied to the rest of the spins.
copy of the initial state should suffice and coupling the control spin only to the first spin (e.g. via Raman transition) ends up being sufficient for the many-body state read-out. However since controlled-gate measurements are in general hard to perform with cold atoms currently, we outline this approach of measurement in supplement [32] and instead give a simpler measurement scheme here. Fig. 5 shows the measurement protocol schematic where we imagine utilizing the interference measurements (or fidelity between two final states) on cold atoms [43, 44] at the read-out stage. Since our realization scheme utilizes the hard-core boson limit, the fidelity measurement further simplifies [43] . The protocol steps follow as, (i) Make two copies of the random many-body initial state (see supp. [32] on how to prepare random states).
(ii) Apply σ z 1 gate on the first spin in the first copy. (iii) Apply to both copies U (τ )σ z i , where U (τ ) is evolution forward in time for τ and σ z gate is applied to any spin further away from the first spin.
(iv) Hamiltonian sign reversal protocol (Fig. 5b ). Apply to both copies,
to reverse the sign of the Hamiltonian simultaneously and evolve the many-body state with −H as U (−τ ).
(v) Apply σ z 1 gate on the first spin in the second copy. (vi) Make a fidelity measurement between final copies as Tr {|ψ f 1 ψ f 1 | ψ f 2 ψ f 2 |} = |F | 2 , where one can obtain the OTOC.
We observe that the OTOC is always positive for ladder-XY model with the parameters chosen as in the paper. Therefore, one can unambiguously extract the OTOC decay information from our read-out protocol.
Conclusion. We propose a time-independent quasi-2D quantum chaotic model to probe out-of-time-order correlators in laboratory with cold atoms. The ladder-XY model demonstrates exponential decay evolving into power-law tails before scrambling takes place in its earlytime dynamics, and experiences an information propagation that stems from an interplay of wavefronts moving at different speeds. The model owes this variety of properties to its local interactions in a quasi-2D setting. In this sense, it is a step for understanding the information scrambling in the transition from 1D to 2D.
OTOC FOR DIFFERENT RUNG INTERACTIONS
We give the out-of-time-order correlators for different rung interactions with error bars in Fig. S1 in the case of h = 1 random disorder strength. The error bars are big for smaller rung interactions where the integrable limit of the ladder-XY model resides. As the rung interactions gets smaller, the system behaves like a weakly-coupled XY-chains with random disorder. For the case where there is no disorder, the revivals are expected to reach the unity. Therefore, we clearly see that addition of random disorder to an integrable model introduces certain amount of information scrambling. As the rung interaction becomes equal to intra-leg interactions, the error bars get smaller. Therefore, the scrambling that we observe in the chaotic limit is robust to different configurations with the random disorder strength of h ∼ 1. Error bars are more pronounced in the decay compared to unity and saturation regimes. When we go to the opposite regime of dimer phase where rung interactions is much bigger than the intra-leg interaction, error bars do not grow too much. Then the Anderson-localized regime of ladder-XY model is also robust to measurement with different configurations of random disorder. We again emphasize that the OTOC is not exactly unity at an integrable-limit of the model shows the effect of random disorder. 
LIGHT-CONE ANALYSIS
Here we describe the method we apply in order to extract the bounds on the information spread. Ladder-XY model shows a range of light(information)-cones as the system evolves in time, not only a linear cone with a constant butterfly velocity. However, the linear cone seems to bound the rest later in the evolution before the saturation (inset of Fig. 4 ). The observation that the speed bound on information spread changes in time seems to be a manifestation of scrambling in information propagation.
We show data for two different system sizes of L = 6 in Fig. S6a and L = 8 S6b. We first define the space dimension as the distances between lattice sites where either up or down spins reside only in one leg of the system (the first leg in our data). This method does not give us long distances to analyze like in 1D-chains when exact diagonalization is applied, however it clearly shows the effect of additional routes interfering with each other and helping the system scramble faster over time. Fig. S5 illustrates some of these routes that can be uniquely defined between two spins in a ladder model. These uniquely defined routes are different from the pathways generated via reflections at the boundaries of the system. The latter exists also in 1D chains. However, the routes that are generated because of the geometry of the system clearly differentiate the ladder models from 1D chains. Therefore, we interpret that the ladder-XY model scrambles faster to its saturation value with the help of more interfering pathways when the parameters are tuned to give a quantum chaotic system.
In a light-cone figure (c.f. Fig. S6a) , each point has a space x and time t coordinates and its value is the OTOC denoted here as η. If we follow the OTOC contours, we obtain a series of space-time coordinates from that we can extract the information bounds of the system. This method is applied before to Heisenberg chain with random disorder in [S1] and a range of sublinear lightcones is extracted. Even though our system sizes are small (due to the method), we can still see a wider range of cones in ladder-XY model covering both sublinear and superlinear ones. Having said that, we note the existence of finite-size effects in our analysis. We are able to use all data possible (which defines a distance measure starting from ∆x = 1) up to only a certain time. The reason can be seen in the first two OTOC curves in Fig. S7 where they experience oscillations which is again possibly due to finite-size effects. These two curves also mix in the rest of the evolution and hence they stop giving information on the lightcones. Having commented on the method, we note that these results call for an analysis with bigger system sizes via different techniques to confirm the super-ballistic wavefronts emerging later in time. Fig. 4 in main text is limited to the scrambling time. The data is averaged over 10 different configurations.
We finally note that 10 different random configurations are sufficient for L = 8 system size when α = 1 and h = 1 are set, because the error bars are already negligible in Fig. 1 when the system is averaged over only 10 samples for h ∼ 1 at α = 1. 
SCRAMBLING TIME DETERMINATION
Following the previous works [S5, S6], we can define the dissipation (or relaxation) time as τ ∼ 1/λ L where we see that each pair of OTOCs for a fixed size would have slightly different dissipation times. This is reasonable, given the fact that ladder-XY model is a local quasi-2D system. Then, one can check if the bound on the scrambling time applies for the ladder-XY model, namely do we observe that saturation happens around a scrambling time that can be defined as t * ∼ τ log N where N is the dimension of the Hilbert space, thinking that the small parameter here is = 1/N ? We observe that such a definition for scrambling time aligns with the simulation results as seen in Fig.  S8 for different observable choices. However in order to confirm that the scrambling time logarithmically increases with the system size, one needs to work with bigger systems (possibly with a different technique) and extract the system-size scaling of the scrambling time. 
INITIAL STATE PREPARATION
We draw pure random initial states from Haar measure in our analysis. These random states are typically maximallyentangled states within a small error, however, with non-distillable entanglement [S2] . Here we show how well random states can mimic the effect of initial states at β = 0 temperature on OTOCs. For this, we choose only one configuration for random disorder and compare the OTOC calculated with a random initial state (or a mixture of a multitude of random initial states) with the OTOC calculated via the commutator without an initial state. The norm-2 of the commutator at β = 0 is,
which is an initial state independent quantity. The subscript 2 stands for norm-2 and since the Pauli matrices are hermitian, norm-2 (or Frobenius norm) could be utilized here. Eq. S1 could be calculated although it is computationallycostly and gives the exact form of the OTOC through the relation of,
We approximate Eq. S2 with the following,
where j denotes a random initial state drawn from Haar measure. Fig. S9 shows the difference |F ex i (t) − F ∼ i (t)| for L = 6 system size at h = 1 with only one configuration when i = 6 is set. Blue line stands for the case where we take only one random initial state, whereas the black line shows the case where we average over 100 such initial states. The difference is slightly more than an order of magnitude. However as seen from the other curves, mixture of a couple of them is quite close to the case with 100. While using only one random state approximates the OTOC with an error up to 10 −2 , one can improve the bound via averaging over only a few, e.g. in a measurement. The results are obtained in this paper with an average of 100 random states. 
DETAILS OF THE IMPLEMENTATION
The steps of interferometric approach are shown in Fig. S10a as a reminder, where the measurement of the control spin either in x-or y-basis provides the real and imaginary parts of the OTOC, respectively. If we initialize the control spin in a superposition state of |ψ c = (|↓ c + |↑ c ) / √ 2, we can prepare the following many-body state
where |ψ o is the initial many-body random state for the ladder-XY model. Then measuring the control spin in x-basis provides the real part of the OTOC,
with θ i ∈ [0, π) and φ i ∈ [0, 2π). Then similar to drawing a random state from Haar measure, averaging over such product states of randomized spins could end up with a many-body state at β = 0 temperature [S7] ,
where M could be tuned up to desired accuracy.
LOCALIZED PHASE OF LADDER-XY MODEL
Remarkably one can see a transition similar to ergodic to many-body localized phase transition with r n γ γ,n approaching to ∼ 0.39 in Fig. 1 in main text as observed in Heisenberg chain with random disorder [S8] . Fig. S11 compares the OTOC behaviour of systems with different random disorder strengths. As the random disorder strength h increases, OTOC decays much slower and in fact scrambling does not even take place for sufficiently big disorder strengths, implying Anderson-localized phase for ladder-XY model even when the rung interaction is set equal to intra-leg interaction. 
